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Abstract

Dual Principal Component Pursuit (DPCP) is a
recently proposed non-convex optimization based
method for learning subspaces of high relative
dimension from noiseless datasets contaminated
by as many outliers as the square of the number
of inliers. Experimentally, DPCP has proved to
be robust to noise and outperform the popular
RANSAC on 3D vision tasks such as road plane
detection and relative pose estimation from three
views. This paper extends the global optimality
and convergence theory of DPCP to the case of
data corrupted by noise, and further demonstrates
its robustness using synthetic and real data.

1. Introduction

Dual Principal Component Pursuit (DPCP) is a recently pro-
posed method for learning a linear subspace S C RP from
a dataset X € RP*% contaminated by outliers (Tsakiris &
Vidal, 2015; 2017; 2018a; Zhu et al., 2018a;b). Specifically,
DPCP minimizes an ¢, co-sparse objective on the sphere:

. ~T
min [[X b, st [[b], =1 (1

The aim is to estimate a basis for the orthogonal comple-
ment of the subspace, hence the attribute dual. As such,
DPCP is ideally suited for subspaces of high relative di-
mension, i.e., those subspaces with dimension d such that
d/D is close to one. A typical example is the case of hy-
perplanes (d = D — 1), which very commonly appear in
3D computer vision applications such as detecting planar
structures in 3D point clouds (Geiger et al., 2013; Silberman
et al., 2012) or estimating relative poses in multiple-view
geometry (Hartley & Zisserman, 2000).
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In the high relative dimension regime, state-of-the-art con-
vex optimization based methods relying on sparse and low-
rank representations (Xu et al., 2010; Soltanolkotabi &
Candes, 2012; Rahmani & Atia, 2017; You et al., 2017)
typically exhibit a significant decrease in performance. On
the other hand, since its inception almost 40 years ago, the
Random Sampling And Consensus (RANSAC) (Fischler &
Bolles, 1981) algorithm has been one of the most popular
methods in computer vision for the high relative dimension
setting. RANSAC alternates between fitting a subspace to
a randomly sampled minimal number of points (D — 1 in
the case of a hyperplane) and then using the number of data-
points close to the subspace as a measure of the quality of
the subspace. The interplay between four factors governs
when RANSAC is successful: the ambient dimension, the
outlier ratio, the thresholding parameter for determining
when points are considered close to a subspace, and the allo-
cated time budget. In particular, RANSAC can be extremely
effective when the probability of sampling outlier-free sam-
ples inside the allocated time budget is large.

Recently (Tsakiris & Vidal, 2018a), it has been shown that
an Iteratively-Reweighted-Least-Squares algorithm (DPCP-
IRLS) for solving the non-convex DPCP problem (1) can
successfully handle 30%-50% outliers in the three-view ge-
ometry problem, while state-of-the-art RANSAC variations
fail when given the running time of DPCP-IRLS as a time
budget. Even more recently (Zhu et al., 2018a), it has been
demonstrated that a certain projected subgradient method
(DPCP-PSGM) solves (1) to global optimality using only
matrix-vector multiplications, and correctly performs road
plane detection from a 3D cloud of approximately O(10)
points with 50% outliers in just a few hundred millisec-
onds, a time window in which RANSAC can only perform
a few iterations and thus fails. These results highlight the
significance of DPCP as a potential alternative to RANSAC.

In the terminology of the review paper of Lerman & Maunu
2018, DPCP is in effect a least absolute deviations subspace
learning method. Such methods compute the subspace by
aiming to minimize the sum of the distances between all
points in the dataset and the subspace; this is precisely the
formulation (1) when the subspace is a hyperplane. For
example, REAPER (Lerman et al., 2015) applies a convex
relaxation that is solved via an IRLS scheme (Zhang & Ler-
man, 2014; Zhang, 2016). Although REAPER is known
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to perform competitively, the regime in which theoretical
guarantees are ensured excludes the high relative dimen-
sional setting, which we conjecture is a consequence of
using a convex relaxation. The work closest to DPCP is that
of Maunu et al. 2019, which studies a Geodesic Gradient
Descent (GGD) method for solving the least absolute devi-
ations problem without any relaxation. GGD is shown to
converge to the global optimum at a sublinear rate, and to be
able to handle M = O(N) outliers with N inliers; the latter
property is common to many robust PCA methods (Lerman
& Maunu, 2018). In contrast, Zhu et al. 2018a showed
that under a noiseless spherical statistical model, any global
minimizer to (1) is a normal vector to the subspace as long
as M = O(N?). Moreover, the DPCP-PSGM algorithm
mentioned above provably converges to the global optimum
of (1) in a piece-wise linear rate providing its step-size is
tuned in a piece-wise geometrically diminishing fashion.

Although the theoretical and algorithmic features of DPCP
are appealing, they have only been established for the ide-
alized case when inliers perfectly lie in the subspace. Yet,
DPCP has proved to be competitive on noisy real datasets,
so that it is reasonable to ask whether similar theoretical
guarantees hold when there is noise in the data. This work
bridges that gap by making the following contributions.

e We provide a geometric analysis of global optimality
for DPCP that reveals that global minimizers of (1) are
perturbed away from the orthogonal complement S+ of
the inlier subspace by an amount proportional to the noise
level, while still tolerating M = O(N?) outliers.

e We prove that the DPCP-PSGM method, even in the
presence of noise, converges to a neighborhood of S+ at
a piece-wise linear rate, if tuned properly.

e Connections are drawn to the literature of absolute least
deviations in subspace learning, where in particular we
establish the equivalence between DPCP-PSGM and the
GGD method of Maunu et al. 2019.

e An experiment on road plane detection with real 3D data
further strengthens the view that DPCP is superior to
RANSAC in the high relative dimension setting.

2. Global Optimality for Noisy DPCP

2.1. Background and motivation

Consider a unit #5-norm dataset X E = [X + & (’)] ,
where X = [z1,- -+ ,zn] € RP*N are inlier points span-
ning a single d-dimensional underlying subspace S of R?,
E = [e1,- -+ ,en] € RP*N consists of additive noise on in-
lier points, O = [0y, - -+ , 057 € RP*M are outlier points
and  is an unknown permutation. Our goal is to estimate
the underlying subspace S from X'g. When there is no
noise (i.e., € = 0) and the points are in general position,

~T
the vectors b that make X' b as sparse as possible are pre-

cisely those satisfying b L S; this is the motivation for (1).

Therefore, in the noisy case we expect X ;b to be close
to a sparse vector y in the Euclidean sense, whenever b is
close to a normal vector of S. This motivates the following
optimization problem (Tsakiris & Vidal, 2018a)':

i lyll, + 3y - Zevl @
besP Er,lzl/IGlRN“'MT Yl 20y EXl2

for some 7 > 0, where S~ := {be RP : ||b], = 1}.
As expected, the performance of (2) depends crucially on
the parameter 7. An alternative way is to directly adopt (1):

| %eb]],. 3)

min

besb 1

We use synthetic experiments to compare (2) and (3), with
data generated according to the following random model:

Definition 1 (Random spherical model). Consider a ran-
dom spherical model where the columns of O are drawn
uniformly from the sphere SP~1, the columns of noisy in-
liers X + & are drawn from the sphere SP~1 by normalizing
ii.d. N(0, 57’5 + %ID)-distributed points to have unit
ly-norm, where d = dim S, P is the ortho-projector onto
S, and o is the standard deviation of the noise; under this
model the SNR is E[|| X || r]/E[||Ellr] = 1/0.

Fig. 1 shows the numerical comparison between (2) and (3).
We solve (2) by alternating minimization, which empirically
converges fast even though it has no known convergence
theory. We use DPCP-PSGM (Algorithm 1), whose conver-
gence analysis will be discussed in Section 3, for solving
(3). Fig. 1a shows that even though T is chosen to be opti-
mal, (2) and (3) perform competitively. Fig. 1b implies that
the formulation (3), which does not depend on any hyper-
parameter, is robust to noise, whereas the solution of (2) is
sensitive to 7. We have observed similar phenomena for
different D, d, M, N and o. Based on this evidence, in this
paper we focus on (3).

Algorithm 1 DPCP-PSGM for (3)

1: Input: data .i’E € RP*(N+M) and initial step size jo.
~ ~T
2: Initialization: Set by < arg mingeso 1 || Xgbl|,.
3: fork=1,2,... do
~ ~ T~
4:  Compute sub-gradient: gi_1 < Xgsign(Xg by_1).
5:  Update the step size p according to a certain rule.
6 Compute next iteration: by, < bg_1 — UrGr—1-
7: Project by, onto the unit sphere: by < by /||bg||2-
8: end for

"Problem (2) has also appeared in the context of dictionary
learning, see Qu et al. 2014.
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interpreted as effective noise because it pertd?baway
from S. De ne thepermeance statistiit.erman et al., 2015)

1 -
Simin T N poat'S Rb r ©)

which attains larger values for better distributed inliers. We
capture the effective noide via the quantity

(@ =0:05 (b) Varying _ 1 >
e s BP0 O)

Figure 1.Comparison between computed solutiong)fand(3)

in terms of their principal angle from S”. Here, we xD = Thi§ is closely related to thietal inlier residualR (S) :=

30,d =29;N =500, and outlier ratiaM=(M + N)=0:7. 1 jN=1 kb ko used by Lerman et al. 2015 to measure the

level of the effective noise. By the Cauchy-Schwartz in-

equalityjltf bj k bkokbks, it is clear thatCp. ., IS @

lower bound ofR (S) sincekbk, = 1. IndeedR (S) only

We aim to provide a global optimality analysis {&). Since  depends on the energy Bf whereagy. .. also depends

the objective in(3) is not continuously differentiable, we o, the distribution of: the more uniformly distribute is

need to deal with its subdifferential. Denote gignfunc- i, 5? the smallec is. Thus.C leads to a tighter

. . _ .. . _ ! B;max '=* B max 9

tion bysign(a) = a5aj whena 6 0, andsign(0) = 0, and result in our analysis than if one usBdS).

denote the subdifferential of the absolute value funct&n

by Sgn(a) = sign(a) whena 6 0, andSgn(0) =[ 1;1].  Note thatc, . .. involves a mixture of inliers and compo-

We also applysign andSgnelement-wise to vectors. nents of noise projected ong This particular integration

| h lobal solutioh of inliers and noise leads to tighter deterministic bounds in

To analyzg(3), rst note that any global solutiob 10(3) e geterministic phase of our analysis. In turn, this will

must be a critical point, i.e., there exists 2 @>cb ki be advantageous in the subsequent probabilistic analysis

suchtha{l b b ”)v = 0, where (Lerman et al., 2015; Tsakiris & Vidal, 2018b).

2.2. Geometric quantities and their concentrations

@€, bk, = (X + E)Sgn((X + E)” b)+ O Sgn(0” b): (4)  We recall the probabilistic result foro from Zhu et al.
2018a;b and provide new bounds fgy. ... Cg. ., DE NE

When noise is not present (i.,eE = 0), the term :[0;1)! Rand :[0;1)! Ras

Sgn (X + E)>b = Sgn(X ~ b) is simple since it only q

relates to inliers. In the noisy case, however, it is much ():= P T+ @ )Fap a( ) @)
more complicated to deal with this term. For example, since '

the functionsign s discontinuousSgn (X + E)>b can- ()=@ )Fp qa(1=); 9)

not easily be separated into two parts with one part only _ _ ) _

involving the inliers and the other part only involving the WheréFd,:d, () is the cumulative density function (CDF) of

noise. As a consequence, a signi cantly more technicafn€ F-distribution witfFq, .4, (0) = 0 andFyg, a,(} ) = 1.

analysis is required to analyze the effect of noise. Expanding the CDFs, we hav¢ ) = O( =4+ " 7) and
()=1 O( + %?). We now state our rst result.

We now introduce several helpful geometric quantities. W§ gmma 1. Consider the random spherical model in De ni-

rst characterize the maximum norm of a Riemannian subtjon 1 and let < 1. For anyt > 0, there exists a universal

gradient ofMikO> bki: constantC independent of1; N; D; d;t ,and such that
1 o . h p_ p_1 2
o = mbgnsglxl (I  bb™)O sign(O~ b) . (5) P o C( DlogD+1t)= M) 1 2 7;
h i
p_ 2
As itturns out, o characterizes how well the outliers are Ph%:min 2=d () @+t=2=N 2 =
distributed in the ambient space: more uniformly distributed ph— p! 2
outliers will lead to smaller value foro (Zhu et al., 2018a). P Coma (1+2= N) ()+ = N 2 2 (10)

To facilitate an analysis, we decompose the noisg as

Es + En, whereE;s is the projection of the noise on®  Although our result focy, ... reduces to the one fa ;min
andE, is the projection of the noise on®’. Denote in Zhu et al. 2018a whek = 0, the concentration deriva-
R =X+ Es andB = E, such that the columns R tion for cy, ., is more involved since in the noisy case and
lie in S and the columns cB lie in S? . ® can be viewed under the above spherical statistical model, the columns of
as effective inliers since they lie i, wherea®® can be X now lieinsidethe unit sphere as opposedothe sphere.



Noisy Dual Principal Component Pursuit

(a) Varying (b) Varying outlier ratio (a) Value oft, (b) Value oft,
Figure 2.Plots of R, _p andRp_y as a function of (a) and  Figure 3.Plotof (a)t: and (b)t2 when varyingR, _p andRp_y -

(b) outlier ratio. Here we xD = 30;d = 29;N = 1500, and !N each plot, conditiof12) holds only in the area below the curve,
M=(M + N)=0:7in(a),and =0:05in (b). which corresponds to valid pairs R _p ; Rp_g )-

Since ( )= O( %4+ Pj’ (10) essentially implies that decreasing betwedf; 1] with f (0) = 8 andf (1) =0, (12)

Co.rma = O d=4 + © 7y with high probability>. imp!ies that larger noise levels Ieaf:l to §maller numbers of
max outliers that DPCP can tolerate. With2), it can be shown
Two more de nitions are needed for our analysis: that(14) has two nonnegative roots t; t, 1, and
M Cp. (13)implies that none of the critical points have principal
-V o . — _Bimax, N S . .
Ro—p = N cp. Rp_g = Cp. (11)  anglein(sin *(t1);sin *(t.)). Fig. 3 displayg; andt,
smin ;min while varyingR, _p andRp_g under conditio(12). One
where 5 ;= o + D=M.R,_, andRp_g canbesimply can observe that smaller percentages of outliers and noise

viewed as outlier-to-inlier and noise-to-inlier type of ratios, levels lead td; being closer t® andt, being closer td,
respectively. When we x inliers and outlier&,_y is  which means that critical points ¢38) either lie in a neigh-
proportional to the noise level (see Fig. 2a). Similarly, whenborhood ofS? or very close taS. The following bound
we X inliers and noise levelR, _y, is proportional to the  helps in further interpreting Lemma 2:

number of outliers (see Fig. 2b). _ 5
t1  25Rp_p=(1 Rg_p)™: (15)

2.3. Geometry of the critical points In particular, this means that is close to0 whenRp_g

For the rest of the analysis, le2 [0; = 2] be the principal andR,_y4 are small. More generally, for xe® and®,
angle of a vectob 2 SP ! from the orthogonal comple- (15)guarantees thai is perturbed away frord by at most
ment subspac8’ . Thus,b is normal toS if and only if  the effective noise level, which makes sense intuitively.

= 0. UsingR,_p andRp_, dened in (11), we can
now characterize the geometry of the critical points of (3).
Lemma 2. AssumdR,_, < land

When there is no noiseE( = 0), Lemma 2 reduces to
Lemma 1in Zhu et al. 2018&Rp_yp, = 0 andR,_y =
“o =G :min, SO that(12) always holds anq14) becomes
32Rp_q <1 12 t4 + ("= :mn)2  1)t2 = 0, which impliest; = 0
928 3R 34 RT 78+ R 7 ’ andt, = 1 (T =0 :min)2. Nevertheless, we stress that
°=% o °=% o the proof for Lemma 2 is far more complicated than for
then any critical poinb of problem(3) must have its prin-  the noiseless case, partly because of the need to deal with
cipal angle fromS? satisfy: Sgn (X + E)”> b as per the discussion right after (4).

sin 1(t;) or sin 1(ty): (13)

2.4. Global optimality
where0 t; t, 1are the two nonnegative roots of the

following quartic equation:
2 2 2 _qn-
t*+(R_, DPP+4R,_yRp_pt+4RE_, =0: (14)

Before characterizing the global solutions(8j, we recall
two outlier-based quantities

Co :min = L min O’ b ,;Co max:= 1 max O7b

. i M b2sP 1 1 M b2sp 1 1

First note thaR, _, < 1ensures that the denominator of

the left hand side irglz) is well-de ned. Since the func- that 1are already used by Zhu et al. 2018a;b and scales as

- 3 . 1 . . .
tiona 7! f(a) = 2+8 3a: aZ+8+a’is 0(97). We note that better distributed outliers Igad to
smaller values oto.max Co:min- The next result gives

2\We note that?stT in (10) may be improved to a quantity a condition under which global solutions (8) lie in a

proportional to  using a more sophisticated analysis. neighborhood 087 .
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Theorem 1. If Ry _p < 1, (12)holds, and
M Co;max Co:min
N C)b ;min

then any global minimizds of (3) must have its principal
angle fromS? satisfy

<t, 2RE:)b ; (16)

sin *(t1); 7

where0 t; t, 1arethe nonnegative roots ¢i4).

@ =0 (b) =0:1

Figure 4.Plot ofsin( ) where is the principal angle between
the computed solutioh to the DPCP probler8) andS® when

Theorem 1 builds upon Lemma 2, with the intuition thatvaryingN andM for noise level (a) =0 and (b) =0:1. Here

critical points that are close to the subsp&:éi.e., for
which

sin 1(t,)) cannot be global minimizers as

D =30 andd = 29.

they result in large objective values. As long as data point%(N) outlier bounds (Lerman et al., 2015; Maunu et al.,

are well-distributed (smallo .max  Co :min Iargec%;min,
larget,) and effective noise is mild (smaijz;max), (16) will
be satis ed and global minimizers must be closeSto.

Whe = 0, we have already remarked that= 0 and
t, = 1 (To=0:min)?, Which together with(16) and
(17) imply that global minimizers are orthogonal $owhen
_ . q
M Coimax_Co:min _Co’mm < 1 (To=&;mn)?
N Cx ;min

which is precisely Theorem 1 of Zhu et al. 2018a.

2019), DPCP can tolerat®(N ?) outliers even for noisy
data. Fig. 4 veri es this point by plottingin( ) (b is
computed via Algorithm 1).

3. Convergence Analysis of Noisy DPCP-PSGM

The convergence of DPCP-PSGM (Algorithm 1) has been
analyzed by Zhu et al. 2018a;b in the absence of noise. Their
main nding is that selecting the step size in a piecewise ge-
ometrically diminishing fashion guarantees piecewise linear
convergence to a vector orthogonaSoln the noisy case,

We further interpret the above global optimality result, viaone can only expect Algorithm 1 to converge to a neighbor-

the following probabilistic characterization.

hood ofS? . A signi cantly more involved analysis yields

Theorem 2. Consider the random aphﬁerical model of De - the following convergence result.

niionlandlet < 1. 1fo<t< 2 2% () 2  then

with probability at leastl  10e =2, any global solution
to (3) must have its principal angle fromS? satisfy

{
Ci ()+ #5

sin( ) &= P— P —— (18)
% ( ) CZI M + ,\IIDM log D é%
aslong as
M (4p§+ p5’[)2 + C3(p5IogD +1)?
1 4+3t 2
N? p=— C = 19
F’Tj () a () m (19)

whereC;; Cy; Cj; C4 are universal constants that are inde-

pendentofN;M;D;d;t and .

The effect of the noise in perturbing the global solution
away fromS? is captured by18), where the right hand side
0, except for the small term

(RHS) approache@when !

Theorem 3(Piecewise linear convergencejuppose that

Ncgy.... N

pP—
¥ ; min Y B gNCE;max % Nkék2>M o5 (20)

where g p = & sup (I bb )R signR b+ck g) ,

(c;b;g)2F
withF := f(c;b;g): c2[0;1);92S?\ S 1;b2S\
P 193 Letf B, gbe the sequence generated by Algorithm 1
with noisy data and initializatioB, whose principal angle
from the orthogonal subspa&® satis es

o<tan o = (21)

where o = Ncg. . Ncp... kaEkz and o =
N gp+tM o+ WkEkg. Consider the following piece-
wise geometrically diminishing step size

(

ftﬁ’ which as we stated after Lemma 1 can be improved

to a quantity proportiBnaI to. Moreover,(18) together
with ()= O( ¥4+ " Jand ( )=1 O( + %?)
imply thatsin( )= O((" ~+ 9%)) when issmall. The

inequality (19) suggests that, unlike existing state-of-the-art

0; k<Ko;
k = 0 b(k Ko)=K c+1; k Ko (22)
where 0.= 1516, 1,

max f Nc g maxMC 0 max, N KR k2Q’

b cis the oor function,Kq; K 2 N are chosen such that

* p.p = O(px) for the random spherical model.
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(@ =0 (b) =10 ¢ (a) This paper (b) Lerman et al. 2015

Figure 5.Convergence of DPCP-PSGM in both noiseless and noisyigure 6.Check whether (aj16) and (b)(26) are satis ed (white)
case.  is the principal angle of iterat from S?. The red  Or not (black) when varying the outlier ratd=(M + N) and .
dotted line represents the upper boundar( «) given by(23),  Herewe xD =30,d =29, andN =1000.

while the green dashed line indicates the step size (22).

2015) and the Geodesic-Gradient-Descent (GGD) method

K - 2 ) andK, 2Co) with of Maunu et al. 2019. For the case of a hyperplane, GGD
Rimin X g 0 attempts to solve the same optimization problem as DPCP,
n 0 while REAPER a convex relaxation of it. In this section
=min e tan( o) e i g(NCpimn ) > O we compare the results of this paper to those known for
REAPER and GGD. We show that the global optimality
Then the principal angley of B, fromS? satis es conditions for DPCP given in the present paper are much

looser compared to those required for REAPERT). In
tan( ) — Mk KoOFeian( 9 fork Ko; (23)  fact, they are an improvement even over conditions enabling
a local stability characterization of the function landscape
given by Maunu et al. 201%4.2). Finally, we show that
\ for a suitable tuning of the step-size GGD is equivalent to
2(NCp oy + P Nkbky)' | o4 DPCP-PSGMX4.3).

tan( ) maxftan( o); -3 +tan( 9g for k < K ¢ with

0 1

= tan

NCX’ ;min e . .
4.1. Comparison with REAPER (Lerman et al., 2015)
Under the random spherical model and for small noise levfheorem 2.1 of Lerman et al. 2015 asserts that any globall

els, the main hypothesis of Theorem(20)is satis ed as  minimizer of the REAPER problem must satisfy
long as there are at most = O(N?) outliers. In that

regime, Theorem 3 guarantees that DPCP-PSGM convergessin( ) h 2NR(S) . (@5
to a neighborhood 08’ providing data points are well- ﬁL%_ T MA(S) NR(S) ;
distributed (small y .5, small o, largecy..,) and the 4" 7R ;min .

effective noise is mild (smaﬁé;max_ andk_Ek). (_23) |_mpI|es whereR (S) := N; jN:1 Kbko Cp... i the total inlier
that the principal anglex decays in a piecewise linear rate . 1 _— . .
S . . ; residual A (S) := +kOkykP 5> Ok,  0Oisanalignment
until ® which re ects the noise effect; see Fig. 5b. Also, L M . )
: statisticthat measures the amount of linear structure in the
larger noise levels lead to largey. .. andkBk,, and thus . IR .
o o ) . outliers,and ], = if > 0andOotherwise. Her® g-
to larger °. If no noise is present,”= 0 and Theorem 3is . T 2 : T
h . X . is the orthoprojection ont8* and the overline spherization
consistent with Zhu et al. 2018a; see Fig. 5a. . .
operator normalizes the columns of a matrix. Note (Ba)
We note that for the sake of interpretability the nal angfe  is meaningful only when
in (24) has intentionally been made looser than the analytical
bound in (17). This causes no harm since it can be MA (S) < plf Rpop (26)
shown that both angles scale 4s). Finally, the spectral NCp.min 4 d h
initialization in Algorithm 1 can be shown to satisf91)
subject to some further mild conditions on the data.

We compare the necessary condit{@6) for REAPER to
(12) and (16) for DPCP. When there are no outligi26)
requiresRp_y < ?&—a: By contrast,(12) only requires
Rp_p < % (see Fig. 3). More generally, in the presence of
As noted inx1, DPCP is very closely related to least- outliers,M A (S) (the numerator in LHS of26)) scales as
absolute-deviations subspace learning methods. Two impo®(M ) in arandom model (Lerman et al., 2015), whereas the
tant representatives of that class are REAPER (Lerman et ajuantityM (Co :max Co :min) (the numerator in LHS of16))

4. Comparison with state-of-the-art
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(a) This paper (b) Lerman et al. 2015 @M=(M + N)=0:1 (b)M=(M + N)=0:2
Figure 7 Evaluation of (a}1 and (b)(25), with D = 30 andN = Figure 8.Comparison between the quantitpf Maunu et al. 2019
1500. In (b) ford = 29, we only plot(25) for - 2 f 0;0:01g andarcsin(t2) in the hyperplane case with outlier ratio (a) 0.1 and
since (26) does not hold for a mild size of the outlier ratio. (b) 0.2. Here we xD =30,d =29, andN = 3000.

scales aé)(Io M); see Zhu et al. 2018b. Numerically, thisis case and interpret the GGD as nding a normal vector
captured in Fig. 6, in which we observe tt{a6)is satised instead of a basis for the hyperplane. Rewriting the sub-
for a much larger range of outlier ratio and noise levelsgradient in Algorithm 1 agx 1 = g« 1+ Q¢ 1, Where
Finally, note thaR (S) appears both in the numeratorand g, ; = (| B, 1[3; )0k 1 is the Riemannian sub-
denominator in the RHS 25), which makes the entire gradient andg, ; = B, 1BE .Gk 1, the GGD is the

upper bound blow up quickly when the noise level increasess'ame as Algorithm 1 except that the iterate is updated by

see Fig. 7b. In contrast, according to Theorem 1 @)l \ \ \ - \
sin( ) is roughly proportional to the effective noise level Ek h cos( k)_(Bk ! dténgé)gk_rl kgllfQ;kZ)B' V\{he;\’la K
(see Fig. 7a). is the step size used in . To rel&@geto By in Algo-

rithm 1, we rst rewriteb, = (1 KOk 1Bk 1)(Bk 1

4.2. Comparison with the local optimality conditions of %)2 Noting thatB is obtained by normalizing
k 1

Maunu etal. 2019 bi, we haveB, = By ifwe set |, =tan 1(1“‘;%1@"2).

Letb be a critical point of3). Then, giverD< < < e ato

= 2 such that a certaistability conditionholds, Theorem 2

of Maunu et al. 2019 asserts that either

Proposition 1. For the hyperplane case, with a suitable
choice of step size the GGD (Maunu et al., 2019) is equiva-
lent to DPCP-PSGM.

< > 27 . :
or 27 Thus, the convergence guarantee in Theorem 3 can be di-

rectly applied for GGD under a suitable choice of step size.
For the general case where the subspace has co-dimension
larger thanl, we conjecture that the analysis in Theorem 3
will be helpful for the convergence analysis of GGD.

Note that a tighter analysis corresponds to a smal(etoser
to 0) and a larger (closer to = 2). To fairly comparg27)
and(13) numerically, we manually setequal toarcsin(ty)
and compararcsin(ty) and : Fig. 8 shows the compari-
son between andarcsin(t,) under different percentages
of outliers and noise levels. We can observe #rasin(t,) 5. Road Plane Estimation Using ReaBD Data
is always larger than by a signi cant amount, under the
restriction that is equal toarcsin(ty), thus suggesting that
(13)is a tighter result compared wif&7). Moreover,(27)is
sensitive to the variation of the outliers, wh{lE3) is rather
stable (compare Fig. 8a to Fig. 8b). Finally, we mention tha
the relationship betweenand is not as clear as for our G ) a S
t, andt,, with the latter being the two non-negative roots road. Thls is important in autonomo_us d_rlvmg applications.
of the univariate quartic ifil4). In conclusion, we believe HereH is a plane through the origin with normal vector
that Lemma 2 represents a theoretical and computational inf- @ndt IS its translation with respect to the origin; this

provement over the important characterization of the criticaf@!ter is the center of the laser sensor. Hence the task is to
points of (3) given previously by Maunu et al. 2019. estimateb andt, which are taken to be co-linear in order to

resolve the inherent ambiguity in estimatingn turn, this

can be converted to a linear subspace learning problem by
working in homogeneous coordinates, i.e., by embedding
We now relate DPCP-PSGM to the GGD of Maunu et alA into the linear hyperplane  R* with normal vector
2019. Towards that end, we consider the hyperpland =[b> t> b]>, through the mapping 7! [x> 1] .

We use the experimental setup of Zhu et al. 2018a to further
compare DPCP, RANSAC, and alternative methods in the
task of 3D road plane detection. In this problem one is
given a3D point cloud of a road scene and the goal is to
learn an af ne planéA = H +t  R® as a model for the

4.3. Equivalence with GGD of Maunu et al. 2019



Noisy Dual Principal Component Pursuit

. N A . .
Methods/metric ROC f iter. time

SVvD 0.76 4.40 1.73 14% N/A 1
RANSAC 1 078 3.74 418 12% 3.8 31
RANSAC 10 091 158 285 5% 18.7 149
RANSAC 100 0.93 147 277 4% 641 515

"2.1-RPCA 077 435 172 14% 2.8 30
REAPER 0.88 248 107 8% 4.1 27
DPCP-IRLS 081 3.67 148 12% 3.0 29
DPCP-d 092 151 082 5% 65 16

DPCP-PSGM 092 159076 5% 37.3 24

Table 1.3D road plane estimation using 125 annotated frames of
the KITTI dataset. Running time is in msec.

We use the&8D point clouds from the KITTI dataset (Geiger

et al., 2013). In addition to théframes annotated in Zhu

et al. 2018a, we further annotat81 frames. Each point

cloud contains arountio® points with approximatel$$0%

outliers. The data are homogenized and normalized to unit

“2-norm. We compare DPCP-PSGM (Algorithm 1), DPCP-

IRLS and DPCP-d (Tsakiris & Vidal, 2018a) to RANSAC,

REAPER and,.1-RPCA (Xu et al., 2010). We also include

SVD, which calculateb as the bottom singular vector of

the data. Since DPCP-PSGM and DPCP-d are among the

fastest methods with comparable running times, we let them

run to convergence, and set the running time of the slowest

as time budget for the rest methods. We update the step size

in DPCP-PSGM via a modi ed backtracking line search,

which is known to perform well in practice. For RANSAC,

we also include a version with0O and100 that time ) o

budget. We tune the parameters of the algorithms on Figure 9.Frame 328_ Of KITTY-CITY-71, with inliers in blue and

randomly selected training set a8 frames and use the outliers in red. Top: 3D point clouds a_nd estimated translations.
. . Ground-truth thresholding parameter is used for RANSAC. Bot-

rest_ of the fram_es for evaluation. Each method is tuned tq ... Projections of 3D point clouds onto the image.

achieve an optimal error and then re-tuned to be as fast as

possible without exceedirfipto of that error. The of "2:1-  also reported. Notably, not only DPCP-PSGM and DPCP-d
RPCAissettd %, the of DPCP-dissetto-22—, iy outperform RANSAC 1 and RANSAC 10, rather their

for DPCP-PSGD is setth0 °, and the relative convergence performance is comparable with that of RANSATOQ,
accuracy, wherever applicable, is seflf °. which they further surpass, e.g., in estimating the orienta-
tion of the normal vectob : RANSAC 100is off by 2:77

Table 1 reports geometric, clustering and algorithmic met-

rics for the various methods. Once a method has compute%n average, while DPCP-PSGM and DPCP-d onh0X6

) 4 ) ~and0:82 respectively; see also Fig. 9. On the other hand,
an estimated normal vectbr2 R , we extract from it esti-

; i i DPCP-IRLS and REAPER make heavy use of SVD, which
matesh; f. WeAreport the corresponding estimation errors,ares them slow to run aD(10°) points, and eventually
. N
i.e., the angle betweerb andb, the angle” betweerb inaccurate given the limited time budget.

andb, and100 t , =kt k, %, whereb ;b ;t are

the ground-truth values. By varying a threshold on the disA
tances of all points to the estimated af ne plane, the area
under the ROC curve is obtairfedvith higher values indi- The co-authors from JHU were supported by NSF grant
cating better performance. Finally, the number of iterations1704458. The co-authors from ShanghaiTech were sup-
executed by each method and its running time in msee ported by ShanghaiTech grant 2017F0203-000-16.

“For RANSAC this is also its internal thresholding parameter.
SExperiments done on a laptop with Intel i7-6700HQ @
2.6GHz CPU, 16GB 2133MHz DDR4 Memory.
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